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Leibenson's  method has been used with fictitious boundary conditions to obtain an express ion 
for the limiting position for the boundary to the change of state for a plane-paral le l  heat flux 
when the energy input is res t r ic ted .  

In many technical problems one has to determine the position of the melting or  solidifieationboundary 
for a solid, when the heat input is finite. The limiting position of this boundary is of the main interes t  in 
most  cases .  

Here we examine the one-dimensional  Stefan's problem to show that a modified form of Leibenson's  
method can be used [1] to solve this problem without determining the position of the phase boundary as s 
function of time. 

The following is the sys tem of equations and boundary conditions corresponding to this problem: 

OT~__ = • __O~T~ 0 .< x .<.. X (t), (1) 
Ot Ox ~ ' 

OT2 = • O~T~ X (t) .< x < oo, (2) 
at 2 ax 2 , -. 

T , (x ,  O)= To (To<Trap) } 
T~(x, t ) - + T  o for x-+oo ' (3) 

t* 
OT, / ? \ 

- -  kl ~ x  x=0 = {(t), .(Q= ,~[. ( t )dt<M), .  t* << tin, (4) 
0 

where t m is the time needed for the boundary X(t) to attain its l imiting position Xm. 

The conditions at the boundary x = X(t) are as follows: 

TI[X (t), t] = T~[X (t), tl = Trap ' (5) 

OTx _L_ ~ OT. . dX  (t) 
- z l  7x ' ~'--bJ-ff =~v~  dt for x = x ( o .  (6) 

At any time t > t* we have 
X(t) 

Q = I c~P~ (T, - -  To) dx -~ Lp2X (t) -'- c292(T 2 - -  To) dx. (7) 
D x(o 

Here the first term on the right is the increment in the energy in the zone 0 -- x - X(t), while the third 

term is the increment in the energy in the zone X(t) -< x < ~ ,  and the second is the energy consumed in the 

phase transition. Each of these terms does not exceed the total energy Q. in particular, 

Lp2X (t) < Q 
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or  

Q < . M  x(0< ....  <oo. 

In a c c o r d a n c e  with this we seek  the m a x i m u m  value for  the boundary  coord ina te  as  a function of Q, 
To, and T m p ,  i . e . ,  m~x[X(t)]  = X m = Xm(T 0, Tmp,  Q). 

Let  X m at tain the boundary  at t = tm; then 

dX(t )  = O. (8) 
dt t=tm 

In a c c o r d a n c e  with L e i b e n s o n ' s  method [1], the t e m p e r a t u r e  in the second zone at this ins tan t  is defined by 

[x-x  1 T~(x, tin) = T o + (Trap-- To)erfc L ~ J  ' (9) 

which corresponds to the solution to (2) in the region X m < x < oo with the boundary immobile [see (8)] and 
the conditions of (3) and (5). 

We have a stationary temperature distribution in the region 0 < x < X m at t = t m when (8) is applied: 

T1 (x, ira) = A 1 + A~x. (10) 

With the cons tan t s  A 1 and A 2 we find f r o m  condi t ions  (5) and (6) at the boundary;  then (10) takes the 
form 

Tx(x ) = Trap. ~: (Trap--T~ (X,~--x). (11) 

In de r iv ing  (9) and (11) we have used 81l the condi t ions  apa r t  f rom the condi t ions  at the boundary x = 0 
and r e l a t i onsh ips  (1) and (7); these  condi t ions  will  s e r v e  to find X m and t m, 

We subst i tu te  (9) and (11) into (7), and a f te r  in tegra t ion  get 

[ ' k" (Tmp--T~ ] 
Q = q91 (Trap--To) Xm T 2k, Vzv/.~t,~ ..... 

- -  2c~p. V ~ -  (Trap-- To) ~ I f,o.,.X,~. (12) 

We in t roduce  the sym bo l s  

AT .= Trnp-- T o, 
L92 v -- (Kossovich's number), 

QplAT 

X*= ~ Q ,  
c19,AT 

c* = | /  ~.lClpl 
V 

(a = 1 /Ke ,  where  K e is the t h e r m a l  ac t iv i ty  n u m b e r  of fal l ing ground [1]. ) 

F r o m  (13) we put (12) in the f o r m  

X,2n + [ V' ~• + ~) V' tm] Xm -[- 4• m - -  2X* V~x~ cz V t ~  = O, 

whence 

X,~ = - -  1/~ ( ~  -t- ~) , ' t ~ -  

The + sign in f ront  of the r o o t  m e a n s  that  the condi t ion X m 

If  the re  is no heat  flux f r o m  the second  zone (Xm 
gives  the s t anda rd  solut ion 

+ V [~• (va -{ c@ - -  4• t m + 2 X * V ~ c z  ]/-}~- . 

> 0 is met .  

(13) 

(14) 

(i 5) 

--< x < ~ ) ,  i . e . ,  i f A T  = 0, then (12) and (14) o r  (15) 
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Q (16) X T n ~ - -  , 
L92 

We now d e r i v e  the s econd  r e l a t i o n s h i p  be tween  X m and tm;  for  th i s  p u r p o s e  we need to know the 
t e m p e r a t u r e  at  x = 0 a s  a funct ion of t ime  g0(0, t). Then  we equa te  the va lue  at  t = tm to the va lue  T 1 f r o m  
(11) wi th  x = 0 to get  the f u r t h e r  r e l a t i o n s h i p  be tween  X m and t m.  

Le t  01 = P2, cl = c2, ?'1 = X2; then at  t = t m the t e m p e r a t u r e  d i s t r i b u t i o n  in the e n t i r e  r e g i o n  (0 -< x <~)  
wi l l  be d e s c r i b e d  by a smoo th  c u r v e ,  a s  (6) shows .  Then  the t e m p e r a t u r e  d i s t r i b u t i o n  at  t = tm m a y  be 
c o n s i d e r e d  as  equ iva l en t  to the t e m p e r a t u r e  d i s t r i b u t i o n  at  the s a m e  i n s t a n t  for  a u n i f o r m  and i s o t r o p i c  
m e d i u m  a s  p r o v i d e d  by an i n s t a n t a n e o u s  hea t  s o u r c e  of output  Q1 = Q - L o 2 X m  �9 

Then  [1] 

,p(x, t ) -  Q--Lo,Xm [ x~z( ] 
ciPl V-~-~itm exp - -  + T o. (17) 

The  cond i t ion  r e l a t i n g  X m and tm t a k e s  the f o r m  

~0 (0, t,~) = T1 (0, tin). 

We s u b s t i t u t e  f r o m  (1) and (17) in th is  e x p r e s s i o n  and use  (13) to get  

Then  with  A T  = 0 we have 

] / - ~ _  1 

Xm = Q/Lgv 

The s a m e  a r g u m e n t s  a r e  a p p r o x i m a t e l y  c o r r e c t  for  s i m i l a r  v a l u e s  of 0i ,  c i ,  ~i; a s i m i l a r  a p p r o a c h  
has  been  u s e d  for  o t h e r  p r o b l e m s  in [2]. 

F q u a t i o n s  (15) and (18) give us a s y s t e m  for  X m and tm; we so lve  t h e s e  to get  the fo l lowing  e x p r e s -  

s ions  fo r  X m and tm:  

4 ( t ) _ _ ( 2 w + a + l ) + f l + a ,  4 

Xm=X* -~ v+~- ---~- , (19) 
4 - -  (2v~cr + 2va + 2v + 1) - ~ + - U  

( w z + _ v @  l+c* ~ -  
V C -  x *  ' (20) 

I a• (2v2a + 2vc~ + 2v + 1)-- - - 4  v +  2 

The e x p r e s s i o n s  (19) and (20) fo r  AT = 0 become  r e s p e c t i v e l y  

X* Q 
X r n  ~ - -  , 

v Lp2 

X* Q -- Lp~X m 0 
I tm . . . .  -- 

V ~• a• V-~-~iciplAT 0 

We e l i m i n a t e  the i n d e t e r m i n a c y  by m e a n s  of  L ' H 6 p i t a l ' s  r u l e  to ge t  

4 } /  4 
1 + c c -  - -  -~- l _ l _ a S _ _ _ _  

4 (21) 

F r o m  (10) and (20) we see  that  ~/i + a2--4/~r i n d i c a t e s  the l o w e r  bound to the v a r i a t i o n  in c~: 

}/ > ____4 1 =0.522. (22) 

Thi s  r e s t r i c t i o n  i s  a n a t u r a l  c o n s e q u e n c e  of our  a s s u m p t i o n s  about  the s m o o t h n e s s  of the t e m p e r a t u r e  

c u r v e .  
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To conc lude  we c o n s i d e r  an e x a m p l e .  We e n v i s a g e  the m e l t i n g  of ice  with an in i t i a l  t e m p e r a t u r e  
T o = --5~ The t h e r m o p h y s i c a l  p a r a m e t e r s  a r e  c 1 = 1 k c a l / k g - d e g ,  ol = 103 k g / m  3, ~ = 0.5 k c a l / m - h -  

deg ,  T m p  = 0~ c2 = 0.54 k c a l / k g - d e g ,  02 = 900 k g / m  3, X2 = 1.9 k c a l / m - d e g - h ,  L = 80 k c a l / k g ,  znd then 
v = 14.4 and ot = 0.735. 

We s u b s t i t u t e  these  v a l u e s  in to  (19) to ge t  X m / ' X  = 0.98, w h e r e  X = Q / L o  2 i s  the l i m i t i n g  c o o r d i n a t e  
for  the m e l t i n g  f ron t  wi thout  8 l lowance  for  the flux f rom the f rozen  zone (AT = 0). 

The  r e s u l t  shows  that  we a r e  c o r r e c t  in our  a s s u m p t i o n s  about  the d i s t r i b u t i o n  of  the t h e r m a l  e n e r g y  
at  the i n s t a n t  when the bounda ry  r e a c h e s  i t s  l i m i t i n g  pos i t ion .  

Then  one can use (16) in rough  c a l c u l a t i o n s ,  wi thout  i n c u r r i n g  much e r r o r .  

c 

P 

~A 

L 

To 
T m p  

Is the s p e c i f i c  hea t  of me l t i ng ;  
i s  the densi ty~ 
is  the t h e r m a l  conduc t i v i t y ;  
~s the t h e r m a l  d i f fus iv i ty ;  
i s  the l a t en t  m e l t i n g  heat;  
is  the i n i t i a l  t e m p e r a t u r e ;  
~s the m e l t i n g  point ;  

S u b s c r i p t s  

1 and 2 

N O T A T I O N  

r e f e r  to the l iquid and so l id  p h a s e s  r e s p e c t i v e l y .  

i .  
2. 
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